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Recent research show that the cosmological components of the Universe should influence on the
propagation of Gravitational Waves (GWs) and even it has been proposed a new way to measure the
cosmological constant using Pulsar Timing Arrays (PTAs). However, these results have considered
very particular cases (e.g. a de Sitter Universe or a mixing with non-relativistic matter). In this
work we propose an extension of these results, using the Hubble constant as the natural parameter
that includes all the cosmological information and studying its effect on the propagation of GWs.
Using linearized gravity we considered a mixture of perfect fluids permeating the spacetime and
studied the propagation of GWs within the context of the ΛCDM model. We found from numerical
simulations that the timing residual of local pulsars should present a distinguishable peak depending
on the local value of the Hubble constant. As a consequence, when assuming the standard ΛCDM
model, our result predicts that the region of maximum timing residual is determined by the redshift
of the source. This framework represents an alternative test for the standard cosmological model,
and it can be used to facilitate the measurements of gravitational wave by ongoing PTAs projects.
I. INTRODUCTION
In the last two decades a lot of astrophysical evidence has been found suggesting that our Universe is expanding at
an accelerated rate [1–6]. This observation is the cornerstone of modern cosmology and represents an ideal setting in
which the large scale aspects of gravitation can be tested. A century after the formulation of General Relativity [7],
it remains as the most successful description of gravity, and after many attempts, the Lambda–Cold Dark Matter
(ΛCDM) model has become the standard theoretical framework in which we can study the cosmological phenomena,
describing our flat, isotropic, homogeneous and expanding Universe.
Within the ΛCDM model, the main quantity, among others, that describes the rate of expansion is the Hubble
parameter and its value at the present day, the Hubble constant, is denoted by H0. The value of this constant
represents the current rate of expansion and contains information of the composition of the Universe. Recently
there has been great controversy about its actual value, in particular, from the tension in the data obtained
from the early [3] and the late Universe [4, 6]. This fact has called the local behavior of H0 into question, and
therewith many potential explanations to the phenomenon have been raised: From possible new physics to as-yet
unrecognized uncertainties from the observations [8–15]. Nevertheless, no consensus has been reached so far and an in-
tense debate is still going on, waiting for improved empirical data or more robust and complete theories of gravitation.
On the other hand, the measurement of Gravitational Waves (GWs) carried out by the ground-based detector LIGO
[16], is considered as one of the last experimental verifications of general relativity. Actually, GWs have been used as
a new alternative for the measurement of cosmological parameters: A gravitational–wave standard siren was used to
measure the Hubble constant independently [17]. This kind of observations show us that the efforts involved in the
accurate measurement of gravitational waves could be useful in the analysis of cosmological parameters within the
next years. Nevertheless, ground-based detectors are not the unique way to detect GWs. Another type of ongoing
gravitational-wave experiment is the Pulsar Timing Array (PTA), which uses the residual time of the arriving
electromagnetic emissions from different millisecond-pulsars located in the Milky Way and their correlations to
determine the presence of gravitational radiation [18–21]. Many projects have been developed, as NANOGrav [22],
Parkes [23] or the European PTA [24], members of the International Pulsar Timing Array collaboration [25] (IPTA),
which together, seek to identify and measure low-frequency (i.e. ∼ 10−9 to 10−8 Hz) gravitational waves coming from
astrophysical sources as an isotropic and stochastic background [26–28] or Continuous Gravitational Waves (CGWs)
from individual Supermassive Binary Black Holes (SMBBHs) [29–31], in which PTA experiments can detect timing
differences of ∼ 100 ns and the dimensionless strain amplitude of CGWs is expected to be h ∼ 10−15 for sources at
redshift z . 0.5. The second data release of the IPTA collaboration was published recently [32], but the results are
not conclusive yet
Considering the previous facts, the work of Bernabeu et al. [33] shows the effects produced by a non–zero cosmological
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2constant Λ on the propagation of gravitational waves, which includes corrections of order ∼ √Λ to the phase and
the amplitude. Later, it was found [34, 35] that certain modifications to the frequency (i.e. the usual redshift) and
a non–trivial correction to the wave number can be found. Furthermore, in those papers was proposed that the
magnitude of residual time in a PTA experiment could change due to the action of the cosmological constant. A
wide explanation and a review of this phenomenon can be found in the work of Alfaro et al. [36], where the action
of non-relativistic matter was included into the phenomenon, showing that Dark Matter increases the effect of Λ on
the propagation of gravitational waves. In that sense, we expect that each cosmological component of the Universe
affects the propagation of GWs similar to the case of Λ, reason of why we will follow the idea of using the Hubble
constant as the main control parameter.
The manuscript is structured as follows: In Section II we develop the theoretical formalism of our framework, using the
linearization of General Relativity and the ΛCDM model to show how the Hubble constant affects the propagation of
Gravitational Waves. The entire Section III is devoted to analyze the possibility of using PTA experiments to observe
the studied phenomenon: In subsection III A we shortly explain the working of PTA and in subsection III B we show
how our framework can be tested using the previous setup. Furthermore, in subsection IV C we present a reasonable
approximation that give us a relationship between the location of the maximum timing residual and the redshift of
the source. Finally, in Section V we present our conclusions and an outlook for future research.
II. GRAVITATIONAL WAVES IN AN EXPANDING UNIVERSE
A. Linearized Theory of General Relativity and Standard Cosmology
The classical theory of General Relativity, finally consolidated by Einstein [7], predicts that matter and the curvature
of spacetime are related through the Field Equations,
Gµν + Λgµν = κTµν , (1)
where κ = 8piG/c4, Gµν are the components of the Einstein tensor, Tµν are the components of the stress-energy tensor
and Λ is the cosmological constant, which plays an important role within the context of cosmology since it can be
interpreted as the energy related to the vacuum, called commonly Dark Energy. The prediction of the existence of
gravitational radiation [37], came from the linearization of (1), which is nothing else than doing perturbation theory
around a flat spacetime,
gµν = ηµν + hµν , |hµν |  1. (2)
The computation of the linearized Field Equations can be found in any text of General Relativity [38], giving the
following expression,
h¯µν = −2Ληµν − 2κTµν , (3)
where h¯µν is the trace-reversed perturbation defined by
h¯µν ≡ hµν − 1
2
ηµνh, (4)
which satisfies the Lorenz gauge condition
∂βh¯
βα = 0. (5)
Note that there is still gauge freedom, but we can completely fix it using the Transverse–Traceless gauge, in which
h¯µν = hµν . Therefore, the metric perturbation can be decomposed [36] as hµν = h
(GW)
µν + h
(Λ)
µν + h
(bg)
µν , which satisfy
the following field equations,
h(GW )µν = 0, h(Λ)µν = −2Ληµν , h(bg)µν = −2κTµν . (6)
The linearization is well justified because the perturbations from the Minkowski spacetime are very small when we
are far away from the source, which will be our case of study. As explained by Bernabeu et al. [33] and Espriu [35],
by using a time–independent –and at order
√
Λ– coordinate transformation, it can be shown that the solution of h
(Λ)
µν
3corresponds to the linearization of a static spherically symmetric metric (i.e. the Schwarzschild-de Sitter metric) in
the Lorenz gauge. In this work the relevant corrections will be of order H0 (i.e. ∼
√
Λ), and therefore, the analysis
of GWs and the decomposition (6) will be simpler in the Lorenz gauge. As the contribution of different terms turns
to be additive, the discussion seems straightforward.
If the source is located at a large (but non cosmological) distance, the perturbation will be described approximately
by a combination of harmonic functions [35, 36]
h(GW)µν =
Aµν
r
sin[kµx
µ] +O(H20), (7)
where Aµν are the components of the polarization tensor, k
µ is the 4–wavevector and xµ is the 4–position. We
will denote Ω as the angular frequency of a monochromatic gravitational wave. It is important to note that the
coordinates {t, r} corresponds to the spherically symmetric context explained before and they will represent the
coordinates which origin is placed at the –usually spherical shaped– source of GWs.
On the other hand, it is commonly accepted that we live in a mostly isotropic and homogeneous Universe. As a first
approximation, we can use the FLRW metric to describe the geometry of spacetime [39], which is of the form
ds2 = −dT 2 + a2(T )
(
dR2
1− kR2 +R
2dΩ2
)
, (8)
where a(T ) is the adimensional scale factor and the spacetime is described by comoving coordinates {T,R}. In this
work we will use k = 0, which represents a globally flat geometry of the Universe, as it is currently observed [3]. If we
consider different perfect fluids as material components of the Universe, and label them with the subscript i, having
each of them an energy density ρi, isotropic pressure pi and a equation of state pi = ωiρi, the Friedmann equations
will give us the following expression for the energy density of the i–th fluid,
ρi =

4
3(ωi + 1)2κT 2
if ωi 6= −1
Λ/κ if ωi = −1
, (9)
where T is the time coordinate in the FLRW metric. An extensive treatment of this computation can be found in the
Appendix A.
B. Coordinate transformation and an application to the ΛCDM model
Let us consider the following situation: Two remote galaxies are merging so their central super-massive black holes
are orbiting around a common center of mass and slowly approaching to each other. This is basically a Keplerian
problem with –approximate– spherical symmetry. For this reason, near the source of gravitational waves, the set of
coordinates {t, r, θ, φ} with spherical symmetry is very useful in order to describe spacetime and their perturbations.
A very detailed discussion about these considerations are given in [35], where also it is established that GWs in their
simplest form and expressed in these source-centered coordinates will have the form of the equation (7).
However, these coordinates are not useful in cosmology because the cosmological measurements are described
in comoving coordinates, i.e. {T,R, θ, φ}. Thus, the main objective of this research is to find the coordinate
transformation between {t, r} and {T,R} and thus, taking advantage of the principle of covariance and relativity, we
will able to describe the propagation of gravitational waves as seen by a cosmological observer. For a compendium
with all the results found before the writing of this paper, including the coordinate transformations of a de Sitter
Universe, besides other implications, see [36].
The easiest example that we can give to illustrate the situation is showing the de Sitter case, where only the action of
the cosmological constant is taken into account. We note that in a vacuum background, an approximately spherical
source of GWs would produce a Schwarzschild metric. Thus, if we take Λ 6= 0, then when we are far from the source
(i.e. neglecting the mass term at the cosmological horizon, where Λr3  6M), the geometry of spacetime will be
described approximately by a de Sitter (dS) metric,
ds2 = −
(
1− Λ
3
r2
)
dt2 +
dr2
1− Λ
3
r2
+ r2dΩ2. (10)
4On the other hand, the FLRW metric –expressed in comoving coordinates– will be given by (8) and the scale factor
is of the form a(T ) = a0 exp
(√
Λ/3∆T
)
(see appendix A). The main idea is to express the coordinates of the SdS
metric in terms of the comoving coordinates of the FLRW metric, as they are two equivalent representations of the
same spacetime. It was found that the coordinate transformation is given by,
r(T,R) = a(T )R (11)
t(T,R) = T −
√
Λ
3
ln
√
1− Λ
3
a(T )2R2. (12)
If we expand them at order
√
Λ, we get,
r(T,R) = a0R
[
1 + ∆T
√
Λ
3
]
+O(Λ) (13)
t(T,R) = T + a20
(
R2
2
√
Λ
3
)
+O(Λ). (14)
This result was obtained previously [33, 34], and it was the starting point of this line of work. From these
transformations it was found how the cosmological constant affects on the propagation of GWs and it was explained
how this effect could be measured using PTAs [35]. These expressions show us how comoving coordinates are related
to the coordinates in the dS metric, and replacing the coordinates in (7) would show how GWs are seen by a
cosmological observer. That is the main idea and it is what we are going to exploit next.
In order to develop a more general discussion of the phenomenon, we will first consider a Universe filled by a
single fluid with an arbitrary equation of state, i.e. pi = ωiρi. The methodology to be used is basically build
a diagonal, spherically symmetric and asymptotically flat metric (that we will denote by SSωi), described in the
coordinates {t, r}, that recovers the corresponding FLRW metric in comoving coordinates, then find the coordinate
transformation between both frames and, finally, replace the coordinates in (7), showing how it affects on the
propagation of gravitational radiation.
In the appendix B is available the full derivation of the exact expression of the the SSωi metric, which is of the form
ds2 = − dt
2
(
1− κρir
2
3
)(
1 +
κρir
2(3ωi + 1)
6
)1− 3ωi
1 + 3ωi
+
dr2
1− κρir
2
3
+ r2dΩ2, (15)
and the coordinate transformations between {t, r} and {T,R} in terms of ρi and ρ0 = ρi(T0), which are
t =
[
c+R2(κρ0)
2
3(ωi+1) (κρi)
3ωi+1
3(ωi+1)
] 1
2n(
A
1
2n
)√
κρi
(16a)
r = a(T )R = R
(
ρ0
ρi
) 1
3(ωi+1)
, (16b)
where A and n are constants (see appendix B). The expansion of (16a) and (16b) in terms of the energy density of
the fluid at the present day, i.e. ρ0, becomes
t = T +
R2
2
√
κρ0
3
+
R2
12
(1− 3ωi)κρ0∆T +O
(
κ2ρ20
)
(17a)
r = R
(
1 + ∆T
√
κρ0
3
− κρ0∆T
2
12
(1 + 3ωi)
)
+O(κ2ρ20). (17b)
These results agree with the previous works [34–36], and they show that, regardless the equation of state, the first
term in the expansion is always at order
√
ρ0. Using this fact, we can expand the First Friedmann equation at first
order in H0,
a(T ) = 1 +H0∆T +O
(
H20
)
, (18)
5where H0 is the Hubble constant, given by
H0 =
√
κρeff(T0)
3
=
√
Λ
3
+
κρd0
3
+
κρr0
3
. (19)
As the r coordinate has to transform as r → a(T )R to preserve spherical symmetry, a comparison between (17a),
(17b) and (18) shows that the cosmological components are added inside the square root, as was discussed by Alfaro
et al. [36] in the case of non-relativistic matter. Thus, in order to obtain the correct limits for the previous models,
the most general linearized coordinate transformations must be of the form,
t = T +
R2
2
H0 +O
(
H20
)
(20a)
r = R (1 + ∆TH0) +O
(
H20
)
. (20b)
Note that these are linear in H0, so only small effects will be considered. By replacing (20a) and (20b) into (7), we
obtain an expression in terms of the comoving coordinates,
h′(GW)µν =
(1 +RH0)
R
A′µν sin [−weffT + keffR] +O
(
H20
)
, (21)
where A′µν are the transformed components of the polarization tensor, and the effective angular frequency and wave
number are given by
weff ≡ Ω (1−RH0) , keff ≡ Ω
(
1− R
2
H0
)
. (22)
From the last two expressions we can infer how the Hubble constant affects the propagation of GWs when a cosmo-
logical observer (e.g. laboratories in the surface of the Earth or local celestial bodies as pulsars) is measuring them,
using comoving coordinates. These results show that the previous findings [33–36] were merely approximated and,
therefore, incomplete. At the same time, we discard the idea of the possibility of measuring the cosmological constant
Λ separately from the other components of the Universe, since all of them are coupled within H0. It is important to
note that the expression for the effective frequency weff in the equation (22) reproduces the usual cosmological redshift
expected from the expansion of the Universe. However, the effect on the wave number keff cannot be derived from
other simpler considerations, e.g. time dilation or redshift, and represents an additional feature of this framework.
On the other hand, as it is discussed by Alfaro et al. [36], even when the phase velocity of the GW is not exactly 1 (in
natural units), if it is computed with respect to the ruler distance traveled, it can be shown that its value is exactly
equal to 1.
III. PULSAR TIMING ARRAYS
A. Timing residual and the working of PTAs
The results obtained in the last section, e.g. equations (21) and (22), show that the Hubble constant should influence
on the propagation of Gravitational Waves. Now we will set an experimental framework in which this effect can be
eventually measured. For this, we will use the light coming from a local pulsar and the shift in the time of arrival of
the electromagnetic (EM) pulse due to the pass of GWs. In the following picture we show the simplest configuration,
which will guide our discussion.
From figure 1, we note that the Earth and the pulsar are gravitationally bounded to the Milky Way, so they do not
feel the Universe’s expansion. However, the source of GWs and the system Earth-pulsar are not bounded, so they do
feel accelerated expansion and, therefore, the discussion and results of the previous chapter apply. The pulsar emits
light with a particular EM field. Denoting the time-dependent phase of this field at the pulsar as φ0, then the phase
of the EM pulse measured from Earth can be expressed as
φ(T ) = φ0
[
T − L
c
− τ0(T )− τGW(T )
]
(23)
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FIG. 1: Setup of the configuration of our study: A source of gravitational waves (R = 0), the Earth (at distance Z) and a
nearby Pulsar located at P = (PX , PY , PZ) referred to the source. The Z direction is chosen to be defined by the source-Earth
axis. Polar and azimuthal angles are α and β respectively, from Z axis (self-elaborated image).
where c the speed of light, τ0(T ) is the timing correction associated to the motion of the Earth respect to the Solar
system and τGW(T ) is the timing correction due to the action of GWs passing through the system. The correction
due to the action of Gravitational Waves is given [35, 36, 40, 41] by the following expression
τGW(T ) = −1
2
nˆinˆjHij(T ), (24)
where nˆ = (− sinα cosβ,− sinα cosβ, cosα) is a unit vector pointing from Earth to the pulsar and Hij is the integral
of the metric perturbation along the null geodesic in the path pulsar–Earth, which could be parameterized by ~R(x) =
~P + L(1 + x)nˆ with x ∈ [−1, 0]. Using this path, Hij(T ) takes the following form
Hij(T ) =
L
c
∫ 0
−1
h′(GW)µν
(
T +
L
c
x,
∣∣∣~R(x)∣∣∣)dx. (25)
B. Including the ΛCDM model
In our framework (see figure 1), the source of GWs is far away from Earth, though the pulsar is at a local distance.
Therefore, we can consider the reasonable approximation L/Z  1 and using it we can show that R(x) ≈ Z+xL cosα.
Now we compute the equation (24) using (25). However, in the TT-Lorenz gauge, for a GW propagating through the
Z axis, the only non-zero values of the components of A′µν are in the X,Y components [33]. We can also additionally
assume, in order to simplify the computation of the integral, that
∣∣A′µν∣∣ ≡ ε ∀µ, ν. Thus, the full timing residual in
the arrival time of the pulsar due to the pass of GWs in the ΛCDM model becomes,
τΛCDMGW = −
Lε
2c
(sin2 α cos2 β+2 sin2 α cosβ sinβ − sin2 α sin2 β) (26)
×
∫ 0
−1
1 +H0
[
Te +
xL
c
]
Z + xL cosα
[cos Θ + sin Θ] dx,
where
Θ = Ω
{(
1− Z + xL cosα
c
H0
)(
T +
xL
c
)
−
(
1− Z + xL cosα
2c
H0
)(
Z + xL cosα
c
)}
. (27)
7IV. RESULTS AND DISCUSSION
A. Simulation of the timing residual of an individual pulsar
From a geometric argument, we can always fix the pulsar, the Earth and the source of gravitational waves in the same
plane, thus we can set β = 0, and the geometrical parameters involved in τGW are the angle α between the Pulsar
and the GW-Source, the distance Earth–Pulsar, L, and the distance Earth–GW-source, Z. In order to perform a
numerical analysis we can choose some reasonable values of the parameters that appear in the equation (26) and
fix them to visualize the behavior of the timing residual τGW. Thus, the setup described in the figure 1 can be
approximately modeled with the values that appear in the Table I.
Parameter SI value
Z 3× 1024 m ∼ 100 Mpc
T Z/c = 1016s ∼ 300 Myr
L 1019m ∼ 1000 ly
Ω 10−8 rad/s
ε 1.2× 109 m
TABLE I: List of values considered for the parameters in the numerical integration of the timing residual τGW in (26), according
to current accuracy of PTAs.
For the source of GWs, we choose a typical distance Z where supermassive black holes are present and although
is large, it is not a cosmological distance near to the Big Bang. On the other hand, the distance between Earth
and the pulsar is within the margin of a local galactic scale. It can be seen, from table I, that L  Z, as required
from the previous considerations. The angular frequency is of the expected order for future PTA projects and the
same argument is used to fix ε, due to that it satisfies |h| ∼ ε/R ∼ 10−15, where |h| and Ω are within the expected
accuracy of PTA projects, e.g. the EPTA [29] or the NANOGrav collaboration [31]. Employing these parameters,
the numerical integration of τGW gives the results that are shown in figure 2a. As we can see, the value of the timing
residual can be positive or negative. Since the meaningful physical magnitude is the amount of time, rather than the
direction of the shift, we can also plot the absolute value of τGW, but now changing the value of H0 within a region
of parameters, obtaining the plot in figure 2b.
τ GW
[s]
-4e-07-3e-07
-2e-07-1e-07
01e-07
2e-073e-07
4e-075e-07
α [rad]0 0,2 0,4 0,6 0,8 1
MinkowskiSdSSSD+ΛΛCDM
(a)
|τ| [s]
0
1e−07
2e−07
3e−07
4e−07
5e−07
α [rad]0 0,1 0,2 0,3 0,4 0,5
H0 = 65 km/s/MpcH0 = 67 km/s/MpcH0 = 70 km/s/MpcH0 = 73 km/s/MpcH0 = 0 km/s/Mpc
(b)
FIG. 2: (a) Comparison between different material contents of the Universe. SdS is the de Sitter case, SDS+Λ is where Dark
Energy and Dark Matter (dust+Λ) are taken account. The ΛCDM case also includes radiation. Note that in the Minkowski
spacetime no peak is observed. This graphic also agrees with the results obtained by Alfaro et al. [36]. (b) Numerical analysis
of the absolute value of timing residual in terms of α, varying the value of H0. For a non–zero H0, a dominant peak is present,
whose angular position (i.e. at an angle αm) in the α–axis increases as the value of H0 also increases.
8B. Statistical significance and the timing residual analysis
The most important feature of these figures is the presence of a considerable peak in the value of the timing residual
for a certain angle α. Moreover, we note that this peak changes its angular position with the value of the Hubble
constant. This is our first clue of the existence of a distinguishable signal coming from the cosmological effects on
the propagation of GWs.
In order to make an analysis of the possible signal shown in the previous figures, we will use some pulsars from the
ATNF catalog [42] and follow the ad hoc analysis of Espriu [35]. As we know, pulsars are stable clocks whose periods
are known with great accuracy. Assuming a modest precision of σt = 9.6 × 10−7s ≈ 10−6s which is obtained by
averaging the precision achieved of best pulsars in the IPTA collaboration, we can define a statistical significance of
the timing residual, of the form
σ =
√√√√ 1
NpNt
Np,Nt∑
i,j=1
(
τGW
σt
)2
, (28)
where index i running from 1 to Np (number of pulsars averaged) and j running from 1 to Nt (number of observations).
Assuming we perform measurements every 11 days through 3 years, then Nt = 101. The pulsars belong to the
considered cluster are shown in table II.
Pulsar Name φ Li
J0024-7204E −44.89◦ 4.69 kpc
J0024-7204D −44.88◦ 4.69 kpc
J0024-7204M −44.89◦ 4.69 kpc
J0024-7204G −44.89◦ 4.69 kpc
J0024-7204I −44.88◦ 4.69 kpc
TABLE II: List of pulsars averaged for an hypothetical source at angular separation α. It is shown the data given in [42],
where φ is the galactic latitude –transformed to βi– and Li the distance between Earth and pulsar. We can note that this set
simplify the computation of σ because all pulsars are very close to each other.
We will keep α as a free parameter and suppose that an hypothetical GW source is located at α radians between
Earth and pulsars. Thus, the statistical significance is given by
σ(α) =
√√√√ 1
5 · 101
5∑
i=1
101∑
j=1
(
τGW(βi)
σt
)2
(29)
The result of the simulation can be observed in the Figure 3a, showing the characteristic peak as we expected.
However, we can develop a more realistic simulation. In figure 3a, only a cluster of 5 pulsars were considered
and all of them were averaged at the same angle α. However, one can expect that all the pulsars are located
at different angles (in galactic coordinates) and basically being randomly located. Therefore, we have considered
11 randomly distributed groups of 5 pulsars each (see appendix D), two test clusters of pulsars with a suitable
location (65 pulsars in total) and a source of gravitational waves located at galactic coordinates θS = 20
◦ and φS = 15◦.
Then, we averaged them using the statistical significance given by
σk =
√√√√ 1
5 · 101
5k∑
i=1
101∑
j=1
(
τGW(Li, αi, βi)
10−6
)2
(30)
and plot it as a function of the average angle of the group, namely σ¯k =
∑5k
i=1 αi/5. From this simulation we obtained
figure 3b, where we can note how the randomly distributed pulsars mostly do not show any signal, except for those
that are located very close to the maximal angle, namely αm, where the value of the timing residual is maximized.
For a pulsar located within the vicinity of the angle αm, the effect of the Hubble constant on the propagation of
GWs and the capability of measure them using PTAs is greatly increased.
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FIG. 3: (a) Simplified simulation of σ in an hypothetical observation of the peak in τGW, which is located near 0.2 rad. Green
and blue curves overlap due to the similarity of models. (b) Numerical simulation σ in the measurement of τGW for three
different models. We used 13 sets with 5 pulsars each, and for 11 of them, we took randomly distributed pulsars from the
ATNF catalog (see appendix D), and 2 of them as test groups with suitable parameters. The larger peaks come from the later,
showing the difficulty of a successful measurement.
This fact indicates that only the pulsars placed near the angle αm with respect to the source of GWs will show the
characteristic peak in the timing residual with great statistical significance, which implies a major obstacle when
trying to observe this effect. Nevertheless, as more pulsars are observed and studied, it is more likely to measure the
existence of this peak, which could represent a challenge for the future astrophysical research of PTA experiments.
First, in order to understand the role of the angle αm, in which the maximum of τGW is reached, we analyze the
dependency on the original angular frequency of the incoming gravitational wave, namely Ω, e.g. see eq. (27). From
figure 4a we note that for the region 10−6 rad/s < Ω < 102 rad/s, the value of |τGW| is practically zero. However,
in the region 10−8 rad/s < Ω < 10−6 rad/s the value starts to rise. This is the main reason why the other type
of detectors as LISA or LIGO are useless in this context: Only PTA works in the proper range of the frequency
spectrum [18, 22, 27].
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FIG. 4: (a) Density plot of |τGW| in terms of the common logarithm of angular frequency Ω and the angle α. This graphic
shows why PTAs are so important to measure this effect. Other values given by table I, with H0 = 70 km/s/Mpc. (b) The
same plot but focused in the range 10−8 rad/s < Ω < 10−7 rad/s. We can note the lack of dependence on Ω.
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In figure 4b we note a lack of angular dependence on the maximum values of τGW, and moreover, the same behavior
is observed for the distance L, in figure 5a.
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FIG. 5: (a) Density plot of |τGW| in terms of the distance L (in kilolight-years), and the angle α. The rest of parameters are
given by table I, with H0 = 70 km/s/Mpc. Again, there is almost no dependence on L. (b) Density plot of |τGW| in terms
of the distance Z (in megaparsecs), and the angle α. The rest of parameters are given by table I, with H0 = 70 km/s/Mpc.
Unlike the previous cases, we do see an angular dependency on Z.
However, in figure 5b it is clear that for different values of the distance Earth–GW-Source, the angle αm changes
dramatically and therefore it depends on the distance Z in an explicit but unknown way. For the Hubble constant,
figure 6a shows a similar situation. In fact, it represents how the dependency on H0 is actually quite similar to the
case of Z in figure 5b. From this behavior we can speculate about a possible relationship between these parameters.
Zooming up, we obtain the figure 6b, where we can see that the maximum value of the timing residual τGW (i.e. the
white spots) has a slightly oscillatory structure around a characteristic maximal angle αm. It can be noticed that the
full white strip has a very small slope, showing a slow variation of the angular position, in agreement with the figure 2b.
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(b)
FIG. 6: (a) Density plot of |τGW| in terms of H0, and the angle α. The rest of parameters are given by table I. (b) The same
plot but zoomed to the suitable range 60 km/s/Mpc < H0 < 80 km/s/Mpc. We note a slight slope in angular position, in
accordance with figure 2b.
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We can summarize the previous analysis as follows: The numerical integration of the equation (26), with the
parameters given by the Table I, gives us the density plots shown above. From figure 4a we can establish the crucial
role of PTAs in the eventual measurement of the effects caused by the cosmological components of the Universe on the
propagation of gravitational waves: The kind of effect that Dark Matter, Dark Energy and others cosmological fluids
induce to the propagation of GWs is sensitive to the frequency spectrum of current Pulsar Timing Arrays experiments.
Furthermore, the figures 5b and 6a support the hypothesis of the existence of an implicit relationship between the H0,
Z, and αm. From the figures 2a and 2b we note that it could be difficult to find the best value of H0 that fit the data
unequivocally, due to the complicated dependencies of the parameters within the equation (26) and because of the
background (i.e. the null test for H0, the flat Minkowski spacetime) has a not negligible amplitude for a large part of
the angular values of α. However, this situation does not happen within the vicinity of the characteristic peak of τGW
when H0 6= 0, which occurs at a certain angle αm, where the difference with the background is considerable. In that
sense, if this tiny effect is ever observed, it is very likely that must be the case of a pulsar located in the vicinity of
the angle αm, in such a way that the value of its timing residual is maximized, and that the signal is strong enough
to rule out the experimental noise. In the section IV D the relationship between H0, αm and Z will be clarified, and
we could state the importance of it.
C. A relationship between PTA observables and the Hubble constant
Using the stationary phase approximation for τGW and considering reasonable asymptotic expansions, we obtain the
following expression,
H0 ∼= 2c
Z
sin2
(αm
2
)
. (31)
A derivation of this equation can be found in appendix C. The expression in (31) provides a precise relationship
between H0 and the observables αm and Z. Under ideal assumptions, this formula can be used to estimate the local
value of the Hubble constant knowing the two main observables: Z and αm. In figure 7 we show the behavior of the
approximation formula with respect to the numerical analysis, included some values of current observations.
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H0 ~ (2c/Z) sin(αm/2)2Numerical simulationH0 = 67.36 ± 0.54 km s-1 Mpc-1 (Planck, 2018)H0 =73.48 ± 1.66 km s-1 Mpc-1 (Riess, 2018)
FIG. 7: The value of H0 using the formula (31) and the numerical maximum of |τGW|. The average error in the approximation
is of the 1.5% from numerical simulation.
However, there are some experimental obstacles when we want to measure H0 using this framework, in particular
because we need to determine the value of Z by independent astrophysical methods. Nevertheless, a PTA experiment
could determine, considering the experimental uncertainties, the value of the timing residual |τGW|, the value of the
frequency of the source ωeff and the direction of the incoming Gravitational Wave (and therefore, the value of α).
In the ongoing PTA experiments, several pulsars are observed at once. Each of them will be located at different
angular positions. If a GW is passing through the set of pulsars, then each of them will have, according to our
model, a different associated |τGW|. Evidently, it is more likely that the pulsars have a relative angular position with
the source in which the |τGW| is not maximum (i.e. α 6= αm). Clearly, these cases are very difficult to measure
experimentally, because the value of |τGW| for these cases is indistinguishable from the background. However, there
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is a tiny possibility that one or some of these pulsars are located just at an angular position where the value of |τGW|
is clearly distinguishable with respect to the background (i.e. α ≈ αm). If that were the case, then the value of |τGW|
should be large enough to be measured by the expected accuracy for PTA experiments.
D. A test of the ΛCDM model using PTAs
With the spirit of testing the standard cosmological model, we know that for a small redshift, i.e. z  1, it holds
that z ≈ (Z/c)H0 [43]. Thus, when we compare this known formula with (31), we obtain an expression that could be
interpreted as the redshift of the source of GWs in terms of the maximal angle αm,
z ∼= 2 sin2
(αm
2
)
, z  1. (32)
This relationship between the redshift of the source and αm had not been identified in any of the previous works of
Espriu and Puigdome`nech [34], Espriu [35] and Alfaro et al. [36], hence it represents a new and interesting finding in
this line. This result implies that the ΛCDM model predicts large timing residuals for pulsars located approximately
at the same direction of the (local) sources of gravitational waves. This effect could be useful for PTAs research and
the measurement of Continuous Gravitational Waves through this method, a task that is expected to be accomplished
in the next years [29–31]: The angular separation between the sources of GWs and the monitored pulsars is strongly
constrained in order to measure distinguishable differences in the timing residual. Therefore, if a PTA experiment
seeks to measure a strong signal of gravitational radiation coming from single sources (e.g. mergers of supermassive
black holes), the monitored pulsars must be located near to the angle αm with respect to the sources. If that is not
the case, the measurement of a powerful signal is very unlikely. In that sense, this prediction of the standard ΛCDM
model represents an alternative way to improve the detection of GWs using PTA experiments by taking advantage
of this local cosmological effect on the propagation of gravitational waves within our expanding Universe.
V. CONCLUSIONS
In this manuscript we have extended the line of research developed in [33–36] on the action of cosmological
parameters in the propagation of gravitational waves. This effect, an additional and different contribution besides
the redshift in the frequency, is completely caused by the coordinate transformation between a frame centered
onto the source of GWs and the comoving frame of the FLRW metric. The main result is that harmonic grav-
itational waves become anharmonic when a cosmological observer measures them, i.e. the Earth or PTAs. In
particular, we have generalized the previous attempts to a case where all the cosmological contributions (e.g. Dark
Energy, non-relativistic matter and radiation) are naturally included by the Hubble constant, in contrast to the previ-
ously developed idea of analyzing each of them separately, which seems to be wrong at first order in the perturbations.
We have shown that all the coordinate transformations involved are linear in terms of H0, which turned out to be
the parameter that governs the behavior of local cosmological fluctuations in the propagation of gravitational waves.
From the expression (31) an unexplored possibility of study the local behavior of H0 opens, and besides, from (32)
we shown a direct relationship between the redshift of the source (for z  1) and αm, in which the standard ΛCDM
model predicts the observation of a strong signal in the time of arrival of electromagnetic emission of a monitored
pulsar, when it is located at an angle close to αm with respect to the source of continuous gravitational waves.
This local cosmological action appears to be very sensitive to PTA observations (basically due to the frequency
spectrum of gravitational waves that PTAs could see). Although the process of measurement could be quite tough
due to the experimental difficulties in the measurement of the astrophysical parameters involved (e.g. distances,
redshift and timing residuals), some very privileged millisecond pulsars can be analyzed with an incredible accuracy
[44] and they could be useful in order to test the ΛCDM model within the near future. For this reason we believe
it is worthwhile to perform a more detailed study of this phenomenon, for example, considering different sources or
not–monochromatic GWs, in order to have a more realistic astrophysical analysis.
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Appendix A: On the equations of standard Cosmology
The components of the stress-energy tensor that appears in (3) can be found by considering a perfect fluid (i.e. a
fluid that does not have viscosity and does not conduce heat), with energy density ρ and isotropic pressure p, filling
the whole Universe. The components of Tµν take the following form,
Tµν = (ρ+ p)UµUν − pgµν , (A1)
where Uµ are the components of the 4-velocity of the fluid. When this expression is inserted into the Einstein’s Field
equations we obtain the two Friedmann equations: The first equation obtained from the 00 component of (1) and the
second from the combination between the trace of the field equations and the first Friedmann equation, giving,(
a˙
a
)2
=
κ
3
(ρi + ρΛ) ≡ H2(T ) (A2)(
a¨
a
)
= κ
(ρΛ
3
− ρi
6
− pi
2
)
, (A3)
where ρi and pi are the energy density and the isotropic pressure of the i-th fluid respectively and H(T ) is the Hubble
parameter, which value at the present day, i.e. H(T0) ≡ H0, is known as the Hubble constant H0. In order to obtain
the time evolution of the scale factor an equation of state must be provided. In [36] was used p = 0, which corresponds
to the equation of state of non-relativistic dust. However, in this work we will use pi = ωiρi, with ωi constant, in
order to develop a general discussion of the phenomenon. Using the Friedmann equations we can find that
ρi
ρ0
=
(
a(T )
a0
)−3(ωi+1)
, (A4)
where ρ0 = ρ(T0) is the current energy density of the i-th fluid and a0 = a(T0) is the current scale factor (usually
taken as 1), and both are integration constants. Replacing this expression into (A2) provides a solution of the scale
factor in terms of the comoving time and the equation of state,
a(T ) =
a0
(
T
T0
) 2
3(ωi+1) if ωi 6= −1
a0 exp
(√
Λ
3 (T − T0)
)
if ωi = −1
. (A5)
In the ωi 6= −1 case, when we combine (A4) with (A5) we can obtain the general form of the energy density of the
i–th fluid,
ρi =
{
4
3(ωi+1)2κT 2
if ωi 6= −1
Λ/κ if ωi = −1
. (A6)
Currently, the standard cosmological model is the ΛCDM: Includes a positive cosmological constant Λ (which repre-
sents the so-called Dark Energy) and Cold Dark Matter (which is the union of baryonic matter and non-relativistic
dark matter). In the ΛCDM model, when a global flat geometry is considered, we can use (A4) to write an effective
energy density in terms of the scale factor and the currently evaluated energy densities,
ρeff = ρΛ + ρd + ρr
= ρΛ + ρd0
[
a0
a(T )
]3
+ ρr0
[
a0
a(T )
]4
, (A7)
where ρΛ = Λ/κ, ρd0 is the current density of non-relativistic matter (i.e. Cold Dark Matter and baryonic matter,
ωd = 0) and ρr0 is the current radiation density (ωr = 1/3). These expressions will be used in order to construct a
spherically symmetric metric which reproduces the corresponding geometry of a FLRW metric for a perfect fluid with
an arbitrary ωi.
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Appendix B: On the derivation of the SSωi metric
As we have to impose a spherically symmetric geometry we will have the transformation r2 dΩ2 → a(T )2R2 dΩ2.
Using the second rank tensor property of the metric tensor when we perform coordinate transformations,
gµ′ν′ =
∂Xµ
∂xµ′
∂Xν
∂xν′
gµν , (B1)
and the requirement that the new metric must be diagonal, we obtain the relation
0 =
∂T
∂t
∂T
∂r
gTT +
∂R
∂t
∂R
∂r
gRR. (B2)
By computing the partial derivatives we obtain the expressions
∂R
∂r
= −1
3
2r ∂T∂r − 3T (ωi + 1)
a(T )(ωi + 1)T
(B3)
∂R
∂t
= −2
3
r ∂T∂t
a(T )(ωi + 1)T
, (B4)
and from (B2) we find that
∂T
∂r
=
a(T )2
∂T
∂t
∂R
∂t
∂R
∂r
. (B5)
Thus, from the last equation, ∂T∂r becomes
∂T
∂r
=
6rT (ωi + 1)
4r2 − 9(ωi + 1)2T 2 , (B6)
and using (B1) we can obtain the components of the metric,
gtt = −
(∂T
∂t
)2 [9(ωi + 1)2T 2 − 4r2
9(ωi + 1)2T 2
]
(B7)
grr =
9(ωi + 1)
2T 2
9(ωi + 1)2T 2 − 4r2 . (B8)
From (A4) we can write the SSωi metric as
ds2 =− (∂tρi)
2
3κρ3i (ωi + 1)
2
[
1− κρir
2
3
]
dt2 +
dr2
1− κρir23
+ r2 dΩ2, (B9)
but, using (A4) and (B6), we get
∂ρi
∂r
=
(ωi + 1)κρ
2
i r
1− κρi3 r2
. (B10)
If we properly redefine ρ˜i ≡ κρi, the last expression becomes
∂ρ˜i
∂r
=
(ωi + 1)ρ˜
2
i r
1− ρ˜i3 r2
, (B11)
but it can be noticed from (B11) that we can form the expression
∂
∂r
[
c+ r2ρ˜i
ρ˜ni
]
= 0, (B12)
where c and n are unknown constants that we suppose exist. Unfolding the last expression and using the linear
independence of r, we obtain that the constants are
c =
6
3ωi + 1
n =
3ωi + 1
3(ωi + 1)
. (B13)
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Therefore, we can integrate (B12) and write
c+ r2ρ˜i
ρ˜ni
= F (t), (B14)
where F (t) is a function of t. By a dimensional analysis, we note that in natural units [ρ˜i] = L
−2 and therefore
[F (t)] = L2n. As there is no other parameter involved apart from t, and also as [t] = L in natural units, then we set
F (t) = At2n, with A as a dimensionless arbitrary constant. For any fluid we can expect that at later stage it will be
diluted homogeneously, which implies that for t→∞ the metric (B9) is almost flat. Then,
lim
t→∞(ρi→0)
(∂tρi)
2
3κρ3i (ωi + 1)
2
= 1. (B15)
On the other hand, (B14) can be written as
c+ r2κρi
(κρi)n
= At2n, (B16)
but when we take the derivative with respect to t and solving for ∂tρi, we obtain
∂ρi
∂t
= − 2nAt
2n−1(κρi)nρi
κρinr2 − r2κρi + cn , (B17)
and if we square, divide by 3κρ3i and replace the previous results, we can found the following equality
(∂tρi)
2
3κρ3i (ωi + 1)
2
=
4n2A1/n(κr2ρi + c)
2n−1
n
3(ωi + 1)2[(n− 1)κr2ρi + cn] . (B18)
Computing the limit ρi → 0 as the fluid dilutes at distant times, we can set A,
lim
t→∞(ρi→0)
(∂tρi)
2
3κρ3i (ωi + 1)
2
=
4n2A1/nc
2n−1
n
3(ωi + 1)2(cn)2
, (B19)
and using that the metric is asymptotically flat, which implies that the previous limit is equal to one, we get the value
of A,
A = c
(
3
4
)n
(ωi + 1)
2n. (B20)
Finally, with the constant A known, we can provide an exact expression for the the SSωi metric, which becomes
ds2 =− dt
2(
1− κρir
2
3
)(
1 +
κρir
2(3ωi + 1)
6
) 1−3ωi
1+3ωi
+
dr2
1− κρir
2
3
+ r2dΩ2, (B21)
and from (B16) we can express the coordinate transformation between the SSωi and the FLRW frames in terms of ρi
y ρ0,
t =
[
c+R2(κρ0)
2
3(ωi+1) (κρi)
3ωi+1
3(ωi+1)
] 1
2n(
A
1
2n
)√
κρi
(B22)
r = R
(
ρ0
ρi
) 1
3(ωi+1)
. (B23)
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Appendix C: On the accuracy in the approximation of H0
In order to simplify the computation, we can omit the geometrical prefactor that appears in (26), because it is common
to every observation and is H0–independent. Therefore, we define a reduced timing residual,
τ redGW ≡
∫ 0
−1
1 +H0
[
Te +
xL
c
]
Z + xL cosα
sin
(pi
4
+ Θ(x, α)
)
dx ≈ R1 +
(
1 + H0Zc
Z
)∫ 0
−1
sin
(pi
4
+ Θ(x, α)
)
dx, (C1)
with |R1| ≤ LH0cZ ∼ 10−31 s. Then, we take the reduced timing residual from (C1) and note that R1 is given by
R1 =
∫ 0
−1
dx sin
(
Θ(x, α) +
pi
4
)[1 +H0 [Zec + Lc x]
Ze + xL cosα
− 1 +H0
Ze
c
Ze
]
. (C2)
Thus we can bound the value of R1 by
|R1| ≤ L
Ze
∫ 0
−1
∣∣∣sin(Θ(x, α) + pi
4
)∣∣∣×
∣∣∣∣∣∣
H0
[
1
cx
]− x LZ2e cosα− x LZe cosαH0 1c(
1 + x LZe cosα
)
∣∣∣∣∣∣ dx
≤ LH0
2Zc
+O
(
L2
Z3
)
∼ 10−31 s. (C3)
Then we can reasonable neglect R1 in the equation (C1). Now we can express τ
red
GW in terms of the imaginary part of
the complex exponential and write, since Θ(x, α) is quadratic in x:
τ redGW = Im
{∫ 0
−1
dx ei(Θ(x,α)+
pi
4 )
}
= Im
{
B(α)ei(Θ(x
∗,α)+pi4 )
}
, (C4)
where B(α) is defined as B(α) ≡ ∫ 0−1 dx eiλ(x−x∗)2 , x∗ satisfies ∂Θ(x, α)/∂x ∣∣x=x∗ = 0, thus
x∗ =
−c+ c cosα+ ZeH0
(cosα2 − 2 cosα) H0L, (C5)
and λ is given by
λ =
1
2
∂2Θ(x, α)
∂x2
=
1
2
ΩH0L
2
c2
(cosα2 − 2 cosα). (C6)
The integral B(α) can be written in terms of the error function, giving
B(α) =
√
2pi
4
(1 + i)
1√
λ
[
− erf
(√
2
2
(1− i)u∗
)
+ erf
(√
2
2
(1− i)
(√
λ+ u∗
))]
, (C7)
where u∗ ≡ √λx∗. Using the asymptotic expansion of the error functions for u∗  1 [see 45], we can write
B(α) ≈ e−z21
(
1 +
1
2z1
)
z1 ≡
√
2
2
(1− i)u∗. (C8)
Inserting the last expression into (C4), τ redGW becomes
τ redGW ≈ sin
(
C +
pi
4
)
+
1
2|u∗| sinC, (C9)
where C = H0Z
2Ω/2c2. From this expression we can see that the maximum of τ redGW clearly happens for u
∗ → 0. This
condition implies, from (C6), that the angle corresponding to the maximum absolute value of τGW satisfies x
∗ = 0, or,
rearranging the terms, the approximation formula (31). In order to justify the validity of the asymptotic expansion,
we can explore around u∗ = 0, finding that for a variation in the angle ∆α, then u∗ ∼ i
√
ZΩ
c ∆α ∼ 104∆α. Thus, the
expansion is well defined for ∆α 10−4.
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Appendix D: Table of pulsars of the ATNF catalog
Pulsar Name θ φ Li
J0324+5239 168.5◦ −31.68◦ 2.56 kpc
J0325+67 145◦ −1.22◦ 1.51 kpc
J0329+1654 130.31◦ 18.68◦ 1.05 kpc
J0332+5434 150.35◦ −8.64◦ 1.54 kpc
J0332+79 169.99◦ −30.04◦ 1.30 kpc
J2007+2722 78.23◦ 2.09◦ 2.15 kpc
J2007+3120 68.86◦ −4.67◦ 2.10 kpc
J2008+2513 76.89◦ 0.96◦ 10.3 kpc
J2009+3326 87.86◦ 8.38◦ 1.83 kpc
J2010-1323 86.86◦ 7.54◦ 2.06 kpc
J1848-1150 35.26◦ 1.4◦ 12.3 kpc
J1848+12 36.72◦ 2.23◦ 8.23 kpc
J1848-1243 44.99◦ 6.34◦ 2.17 kpc
J1848-1414 46.69◦ 7.29◦ 1.22 kpc
J1848-1952 32.54◦ −0.33◦ 5.45 kpc
J1826-1256 21.33◦ 0.26◦ 4.94 kpc
J1826-1334 14.6◦ −3.42◦ 5.94 kpc
J1826-1419 53.34◦ 15.61◦ 0.91 kpc
J1826-1526 29.76◦ 4.25◦ 10.3 kpc
J1827-0750 29.16◦ 3.99◦ 3.50 kpc
J1946+14 66.86◦ 2.55◦ 7.47 kpc
J1946+1805 44.86◦ −10.55◦ 3.94 kpc
J1946+2052 61.1◦ −1.17◦ 7.27 kpc
J1946+2244 50◦ −7.74◦ 1.51 kpc
J1946+24 52.5◦ −6.58◦ 1.59 kpc
J1946+24 30.81◦ 3.73◦ 3.35 kpc
J1831-1329 30.57◦ 3.45◦ 4.68 kpc
J1831-1423 27.04◦ 1.75◦ 2.49 kpc
J1832+0029 25.64◦ 0.96◦ 6.30 kpc
J1832-0644 25.17◦ 0.76◦ 8.29 kpc
J2155-3118 108.64◦ 6.85◦ 1.88 kpc
J2155-5641 89.66◦ −22.81◦ 2.82 kpc
J2156+2618 87.69◦ −26.28◦ 1.80 kpc
J2157+4017 106.65◦ 2.95◦ 3.00 kpc
J2203+50 107.15◦ 3.64◦ 3.01 kpc
J1840-0809 30.28◦ 1.02◦ 6.97 kpc
J1840-0815 34.56◦ 3.34◦ 5.04 kpc
J1840-0840 29.08◦ 0.58◦ 8.58 kpc
J1840-1122 35.43◦ 3.85◦ 4.33 kpc
J1840-1207 28.35◦ 0.17◦ 3.71 kpc
J1828-2119 31.25◦ 4.36◦ 1.04 kpc
J1829+0000 24.81◦ 1.07◦ 10.4 kpc
J1829-0734 23.27◦ 0.3◦ 5.20 kpc
J1829-1011 23.11◦ 0.26◦ 0.81 kpc
J1829-1751 21.59◦ −0.6◦ 4.69 kpc
J1848-0511 32.76◦ 0.09◦ 5.63 kpc
J1848-0601 32.41◦ 0.07◦ 6.71 kpc
J1848+0604 33.25◦ 0.35◦ 4.05 kpc
J1848+0647 32.37◦ −0.04◦ 6.5 kpc
J1848+0826 34.02◦ 0.96◦ 3.39 kpc
J1843-0050 29.57◦ 0.12◦ 6.03 kpc
J1843-0137 29.52◦ 0.07◦ 5.70 kpc
J1843-0211 29.4◦ 0.24◦ 5.26 kpc
J1843-0355 29.34◦ 0.04◦ 5.97 kpc
J1843-0408 28.79◦ −0.19◦ 5.45 kpc
TABLE III: List of randomly distributed pulsars averaged for an hypothetical source. The galactic longitude is denoted by 6θ
and the galactic latitude by φ. More information about the pulsars can be found here.
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